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Introduction

Rationale

I came across a post while surfing on the internet (appendix 1), this post had a debate pole if a
ball would take longer to go up or come down and 56% of the respondents responded it would
take the same time while the other 27% said down and the rest of them said up, this got me
questioning what actually the answer is. The comment section had very mixed opinions which
got me more curious to model this project. I tried doing this practically although doing this
practically was very difficult which got me questioning if I could mathematically model this.
Since I love watching and playing cricket, and Cricket is a sport where most of the time the
ball is hit and it goes up or down, I used a cricket ball’s mass and the speed of a ball hit by a
bat’s speed. According to my speculation, I think the ball will take the same time to go up and
come back down. This begs the question, "Does it take longer for a cricket ball to reach its
maximum height when hit by a bat or to return to Earth from its maximum height?" In this
investigation, I'll look at the time it takes the ball to rise and the time it takes the ball to fall.
Aim

The aim of this exploration is to determine whether a cricket ball will take longer to reach

maximum height when hit by a bat or return back to Earth from its maximum height.

Methodology

The mathematics Involves modelling the motion of the model through a differential equation
by utilizing Newton's Second Law of Motion to find the overall force acting on the ball
(differential equations provide a mathematical framework for describing how the rate of change
of a system depends on its current state which allows us to make predictions about the future
behavior of the system based on its initial conditions), as well as modelling the air resistance
as a linear function of velocity of the ball. The differential equation I am going to derive for
the motion of a ball being thrown directly up in the air, and solving it in terms of the velocity
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of the ball as a function of time. The solution will involve solving a separable differential
equation (the reason for using separable equation is so that we can obtain an equality between
two integrals, This form will allow me to isolate the variables and integrate both sides, which
will lead to finding a general solution for the equation) (Separable Equations Introduction,
2022) with the initial value being known. Then I will derive the formula for the height of the
ball being thrown directly in the air as a function of time, Using the derivation of the equation
for the velocity of the ball, we can use this formula to determine the height of the ball. Recall
that the velocity is simply the derivative of the displacement function, in this case the position
function is the height function. Thus, we can take the integral of the velocity to obtain the

position function

Then we solve for the time it takes for the ball to reach its maximum height. This is solved by
the fact that at the maximum height, the velocity of the ball is zero because it is not moving
just before it starts falling back down to the earth. Since we know the formula for the velocity
of the ball from before, we can solve for the time to reach its maximum height. Also in this
question, I solve for this specific time for the case, I can take the ball’s weight as 0.2 kg which
is the average mass of a cricket ball, the initial velocity is 80 m/s as it is the average speed a
ball is hit at (Cricket Ball Speed off Bat, 2022), and the air resistance is a tenth of the speed of

the ball.

Using the mass and average speed a cricket ball is hit at we can determine the time it takes for
it to reach the ground after its maximum height. I shall graph the equations with values and get

the time it takes for the ball to go up and come down.

For the calculations I will use a GDC, and for graphing I will use Desmos as it is accurate and

user-friendly. I will be using 3 significant figures throughout my investigation.
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Deducing the equation of velocity

Variables used in the A
Quantity Symbol Units
Mass m Kg
Initial velocity Vo ms~1
Positive air resistance constant p N
Velocity v ms~1
Time t s
Gravitational Force I N
Air resistance F, N
Total Force Fp N

Table 1: Showing the variables used in the 14

We Assume that the vertically upward projected mass of the ball has a positive initial velocity
from the Earth's surface. We also assume that the forces acting on the ball are gravity and the

opposing air resistance, both of which have magnitudes of p|v(t)]|.

Force upwards = v (+) Ascent (v>0) Descent (v<0)
A

F, :plvl

Motion of ball

) (

o

Fy =mg
v F, =mg . Motion of ball
Force upwards = v (—) i
F, =plvl|
Fr=f,— fg
Fr=—fa—fq =plv| —mg
= _plvl —mg v>0
v>0

Fr = —pv—mg
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(Diagram 1: Shows the force acting on the ball in ascent and descent)

The total force applied on the ball during the ascent and descent is —pv — mg.
As the object ascents, the resistance acts downward and v(t) is positive.
e As the object descends, the resistance acts upward and v(t) is negative.
Thus, the equation of motion according to Newton's Second Law is:
Fr =ma=mv' =—-pv—mg

m% = —pv — mg and v(0) = v,

dt
dv=—(pv + mg)a

dv dt

pv+mg: m

Then integrate both sides

J dv dt -t
— = ——=—+0C
pv +mg m m

let:u =pv+mg

du
du=pdv—>dv:?

dv 1 1
f—=f—du=—ln|u|+c1
pv + mg u p

1 —t
—In|pv + mg| + ¢, = —+
" nlpv + mg| + ¢, — Cy

From diagram 1, Assume mg > p|v| because otherwise the ball will slow down and

eventually will start floating upwards. mg = p|v| —terminal velocity.
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mg = plv| - mg —plv[ =20
Img +pv|=mg+pv =0

Hence we can remove the absolute value sign because when the ball is going upwards v > 0
which means pv + mg > 0, hence there is no need of an absolute value sign as the value is

going to be greater than 0 which means it won’t be negative.
1 -t
Eln(pv +mg) = poey +c¢ where: ¢ = c, — ¢; = constant
From our initial condition v(0) = v,
1
;ln(pv0+mg) =—0+4+c=c
After combining both equations we get:

1 -t 1
—In(pv + mg) =— + —In(pv, + mg)
» p 9) =1 » pPvo g

—pt
In(pv + mg) = TP + In(pv, + mg)

—pt
eln(pv+mg) — e( m +1n(pv0+mg)))

—pt
pv+mg =em X (pvy,+mg)

Then we divide by p

pv=em X (pvy+mg) —mg
Hence we get the velocity equation:

mg\ -pt mg
v(t)=<v +—>em -—
T p p
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Equation for height of the ball, until it hits the ground:

Velocity is the derivative of the position function(height) so the velocity is the derivative of

the height.

d

[ ve= [ave =y

y(t) = fv(t)dt

When (t = 0) we assume the ball is on the ground, hence height is also 0.
y(t=0)=0

From the above velocity equation

mg\ —pt m
= f [(vo +—g>eT——g] dt
p p

m m\ 2. m
y(t) = (vo +7g) (—)67—79t+c

From initial condition when y(0) = 0

0 ( +mg>m(1) 0+
=—(vo+—]— (1) —-0+c
T plp

m m
€= (”0 +7g);

Then we substitute the ¢ obtained into the y(t) equation.

mg\ /m\ -pt mg mg\m
t =—(v +—)(—)em ——t+(v +—)—
y(t) 0 D D 0 D
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Hence we get the height equation:

mg\m -p mgt
0= (vo+22) 2 (1- e ) -2
y(©) 0 p ) P

Equation for the time it takes the ball to reach its maximum height
Assume that t;= time it takes ball to reach maximum height

When the ball is in the air the height is maximum and the velocity is 0

Diagram 2 showing when height is maximum the velocity is 0

=%

@ » hmax —» V=0
o \.@
@ tt?
% v

-

i
|
v v _

Diagram 2

Using the velocity equation from above, and using v(t;) = 0

mg (1 \_ =
p v, + 24
p
Apply In both sides
l mg 1 1 ( 1)
n|— =In|lem
P v+ %
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mg 1 —pt

In| — X =
P oy, + 29 m
Multiply negative(—) both side
m 1 —pt
BN L N P
Py, +—== m
p
-1
l mg 1 pt
n|{— =—
P oy + % m

Hence we get a time equation

Finding time t4 it takes for the ball to reach maximum height

Approximate values used for the symbols.

Quantity Amount
Mass m 0.200g
Initial Velocity vy 80.0ms™1
Gravitational force g 9.81ms ™2
. . 1 1
Air resistance (— of the speed) p F. = ——lu(t)] = ¢ -
10 « =100 lv(®)| =plv@®)| - p 100

(Table 2: Shows approximate values used for the symbols.)

Using the data in table 2:

1
0200 0.200 x 9.81 + 100 X 80.0

t, = In
(Wlo) 0.200 x 9.81
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t; = 3.24963 seconds
t, = 3.25 seconds
(Answer obtained Using G.D.C)
Finding time (t,) it takes for the ball to fall back to earth
We can estimate t, by using a graph of the height function y(t)

Using the data in table 1:

1
0.2x9.81 \ 0.2 “Tot 0.2x9.81 % ¢
y) =80+ ——"— | == |x[1-e02 |- 2
1 1 1
i 10 1

y(t) =199.2 X (1 —e™%5%) — 19.6t
Then graph the above equation

Graph for 199.24 x (1 — e~ %5%) — 19.6t
/—0\
(3.252,96.307)

100

Height

80

60

40

20

of 1 2 3.lle 4

/I‘ t; = 3.25 seconds i
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From the graph above we can see that the total time is 10.1 hence we can find ¢,

t, = 10.1 — 3.25 = 6.85 seconds

Hence t, is about 6.85 — 3.25 = 3.60 seconds longer

Finding if it goes up faster or returns faster without any real value

I consider the general case of physical properties and evaluate if a ball reaches its maximum
height faster or slower than it does after reaching its maximum height. We can solve for time
indirectly because we can't solve it explicitly from the height equation. This is done by
determining whether the height function is positive or negative (or zero) when the time is equal
to two times the time required to achieve the maximum height.

Diagram 3: Shows a graph comparing time of ball going up and coming down
A

y(t)

y(2t;) >0

Hence takes
less time

t

o

y(2t;) =0

ok 'b{\Hence takes
/ more time

A

Diagram 3

12| Page




If t; is less than t,, y(2t;) is positive as it is greater than 0 which means the ball is still in the
air.

If ¢, is equal to t,, y(2t,) is equal to 0.

[ft; is more than ¢,, y(2t,) is negative as it is less than 0, which means the ball has a negative

height if it takes longer.

It is impossible to find t, because equating y(t) = 0 is not possible. This is because we can't

solve for the time explicitly from the height equation.

However, we may use an alternative way to evaluate whether ascending or descending is faster:

we assess whether the time t; and after it gets doubled y(2t;) is positive or negative.

Recalling the time equation:

Recalling the height equation:

mg\m —pt mgt
0= (vo+22) S (1-em ) -5
y(©) 0 » ) D

Replace t with the equation of time

mg\m DM (MIFPYNN  2mg [m ma + pv
y(Ztl) = (UO + _g) _(1 _ ezxm[p Xln( mg )]) — _g — X ln( g p O)]
p/p b Lp mg

Letx = e%[%Xln(%gvo)]

P, (Mg+pPvy
_ ol ()]
mg + pvg
=
mg+pv
Take x = 29*tP%
mg
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< E[Dan(BLPR)] (e%[%xln(%ﬁ’"’)]y2 = x2

Solving further
Py Mg _ (Pt tmgymg
p p p myg
_ (mg + P%) mg _~mg
myg p p
Hence

2t)) mz( ! 21)
yl—p X = nx

Showing x > 1
% = enlpn(55)]

p is a positive constant hence it is greater than 0, t; is greater than 0 because time can’t be

negative, m is greater than 0 because we can’t have a negative mass.

p>0 t>0 m>0

[m <mg + pv0> -0

x>e’=1

x>1

Showing f (x) is increasing for x > 1
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f(x) =x—%—21nx

2
F0=1-(=x-

, x> —=2x+1
flx) =————

X

It is greater than 0 because any value we replace x with the answer will still be greater than 0

—1)2
x-17

f1e) =——=>0

Hence f(x) is increasing for x > 1

2
y(2ty) = %g F )
Ifx=1
f(1) = 1—%—21n1

f)=0
Since y(2t;) > 0, t; is less than t,.Thus Ascent is faster than descent.

Conclusion and evaluation

Hence I can conclude that a ball goes up slightly faster than it comes down. This variation was
caused by the inclusion of air resistance in the model. If this motion had been performed in a
vacuum, the trajectory would have been parabolic, and the ball would have taken the same
amount of time to go up and down. This has especially helped me as [ used to think the amount

of time it takes to go up is the same as it takes to come down.

This result makes sense because air resistance always acts against the motion of the ball,

whereas gravity's force is constant and always acts downward. So, on the way up, there are two
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downward forces acting on the ball, limiting its overall vertical rise. On the way down, there is
one upward force that increases as the ball speeds up (air resistance) and one downward force

that remains constant (gravity).

Strength

The strength of my investigation is [ used a mathematical approach to describe the motion of a
cricket ball while accounting for many aspects including air resistance and the ball's beginning
velocity. I derived a general solution for the motion of the ball and used it to make predictions
about its behavior. I also made sure that my investigation was applicable to a specific scenario
of a cricket ball being struck by a bat by mentioning the mass and average speed of a cricket
ball. I imagined the ball's motion and gained a better understanding of how long it takes for it

to rise to its highest point and fall back to the ground by graphing the equations with values.

Overall, my investigation is made more thorough and accurate by the application of

mathematical modeling and statistics to the specific scenario of a cricket ball being hit by a bat.

Limitations

The limitation associated with my investigation are the value of air resistance, it was difficult
to find the air resistance acting on the ball as it would need the air density, drag coefficient and
velocity at different interval which would make this modelling very difficult and complicated.
Additionally the only forces taken against the ball were weight and air resistance, there are way
more forces acting on the ball for example lift which can possibly alter the results, though the
result of the ball taking longer to fall back from maximum height to the earth still stay the same.

The value obtained from the graph is only theoretically correct because we assume the air
resistance is Bth of velocity, this means that the air resistance acting on the ball is not

particularly accurate. Another limitation of this question is that it assumes a simplified model
of the flight of a cricket ball. In reality, there are many factors that can affect the trajectory of

a ball, such as wind conditions and spin. Moreover, this question does not take into account the
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specific circumstances of each cricket match, such as the skill of the players, the condition of
the ball and pitch, and the tactics of the teams. These factors can greatly influence the trajectory
of a ball and make it difficult to provide a definitive answer to the question. Finally, this
question may not be relevant to all students, as it is specific to the game of cricket. Students
who are not familiar with the rules and dynamics of the game may struggle to understand the

context of the question and its implications.

Extension
Personally, I think it would be a fascinating continuation of this research to account for the
majority of the pressures operating on the ball in addition to identifying and accounting for any

actual or potential air resistance.

The type of ball being used has an impact in addition to the previously mentioned elements on
how long it takes a cricket ball to reach its highest point and return to Earth. A cricket ball can
be made of leather or synthetic materials, and each has unique characteristics that influence its
flight. A leather ball swings higher in the air and is heavier than a synthetic ball. Because of its
weight and the swing it produces, a leather ball may therefore take longer to reach its maximum
height when struck by a bat. Its weight and increased momentum could cause it to fall back to
the ground more quickly than a synthetic ball, though. A synthetic ball, on the other hand, has
a higher trajectory because it is lighter and tends to bounce more on the field. As a result, when
struck by a bat, a synthetic ball could reach its maximum height more quickly than a leather
ball. On the other hand, because of its smaller weight and the reduced gravitational pull on it,

it might take longer to fall back to the ground.

The speed and angle of the hit, the type of ball used, air resistance, and gravitational force are
all factors that affect how long it takes a cricket ball to reach its maximum height and return to

Earth.
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Appendix

Aball is tossed in the air. Does it take longer to go up or come down?

Poll ended at Wed May 19, 2010 2:25 pm

Up.

Down.

sne — af

Total votes: 939

Image obtained from: GRED: Starship Asterisk*®. (n.d.). Retrieved November 4, 2022, from

https://asterisk.apod.com/viewtopic.php?t=19401

18| Page




